3. W&”;P_Q:‘i‘?ﬂm& (3 pts) What three conditions are required for a problem to be well-posed?

1. Short answer questions (a)-(e):
(a) Specify the type of equation (elliptic, hyperbolic, or parabolic) for the
equation u, = Uy, — 2ugy + 3uy, in the plane.
(b) What is the general solution to a 1D wave equation, and what is its mean-
ing?
(c) Name two properties that distinguish differences of behavior of the solu-
tions to the Cauchy problem for the wave and heat problems.

(d) What is the domain of dependence for the pint (z,t) = (4,6), given the
equation uy = 4u,,?

(e) State at least two of the three conditions for a problem to be well-posed.

1. Short answer questions (a)-(g):

(a) Mark which of the following equations are linear, and which are nonlinear-
%
+u=0

: f’:‘f‘)y
ii. tan(x/y)g% + 52—; —V1+z2cos(y)u = e *

s Ju —ubu _
m. 3 +e g =1

(b) Specify the type of equation (elliptic, hyperbolic, or parabolic) given by
Uge — JUgy + 2uyy + (uz)? + u? = 0 in the plane. Explain your answer.

(¢) If a point stimulus arises at location z = 5 at time t — 0 and is governed
by ugy = ﬁum, where will the signal be at time t = 20?

d) For the equation uy = ~Ugy, what is the region o influence of the point
q 36 g

(z,t) = (1,0)?

(e) Is Burger’s equation u; -+ uty = 0 linear, semilinear, quasilinear, or none
of these?

(f) The general solution to the heat equation u, — Dugg isu(z, t) ds+

Cy. What is the solution to the Cauchy problem when u(z,0) = 1 —

2H(—x), where H(-) is the Heaviside function. (Recall, [ e ds =

V2.

(g) Name two properties that distinguish differences of behavior of the solu-
tions to the Cauchy problem for the wave and heat problems.

Tz/V4Dt _ 2
:CI 0/ e

(h) State at least two of the three conditions for a problem to be well-posed.
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(a) Give a qualitative property of a solution to the Cauchy problem for the
heat equation that the solution of the wave equation does not have.

(b) State the Mean Value Theorem for a harmonic function u, defined on some
general domain  C R2.

(c) For the eigenvalue equation :i—i'? +AeFp=0,0< z <5, with 200)=0=
$(5) is a regular Sturm-Liouville cigenvalue problem. What can be said of
the eigenfunctions for two different eigenvalues?

1

1 Uz what is the domain of dependence for

(d) For the Cauchy problem w; =
the point (z,y) = (H512)?

(e) If f(z) = z(r — ) for z € [0, 7], sketch the graph of the function the
Fourier sine series converges to uniformly in R.

(f) In the one-dimensional case, what kind of function is w if it is harmonic
and bounded in all of R?

(g) For the general Cauchy heat equation problem u; = Dugs, u(z,0) = e"mz,
|z| < 0o, t > 0, write out the solution in terms of the fundamental solution
of the heat equation.

(h) Consider the first-order problem &yt +yty, = u?, u(z, —z) = sin(x), x > 0.
White out the characteristic system (three equations plus their initial con-
ditions) for solving the first-order Cauchy problem, but do not solve them.

(i) For the Bernoulli-Euler beam equation problem, what would be the bound-
ary condition at & =0 if it is specified that the beam is free at that end?

(j) Let uyy +u = 0in = {(z,y) - = > 0,y > 0}. What type equation
(elliptic, parabolic, hyperbolic) equation is it in Q7

(a) Specify the type of equation (elliptic, hyperbolic, or parabolic). Explairi
your answer.

A%y A% &% ou Ou

2 —6 6 — 25—+ —=€" 1
pY Byz & o9 5 By + e e in the plane

(b) For the Cauchy problem uy = 0.09%ucs, |z| < oo, t > 0,what is the domain
of dependence for the point (z,t) = (—3,10)?

(c) For the same equation as in part (b), what is the region of influence of the
point (z,t) = (—3,0)?

(d) Name two properties that distinguish differences of behavior of the solu-

tions to the Cauchy problem for the wave and heat problems.

(e) Indicate which of the following equations are linear, and which are nonlin-
ear:

i yu, +2uy, =1/u
ii. ugy + uu, = cos(x)
i, V1 + 22 cos(y)ug 4+ 3sin(z)uzy — u = cos(2z)

" i ] . 1 1" 1



1. Short answer questions; do not calculate more than necessary

(a) For the eigenvalue equation ﬁ{p(x)%} + Ap =0,0 <z < 10, what con-
ditions on p(x) make this a regular Sturm-Liouville eigenvalue equation?

(b) State the Strong Maximum Principle for harmonic function u, defined on
some general domain £ C R2.

(c) Extend the function f(z) = z? for z € [0, 1] to [—1, 1] such that its Fourier
series converges uniformly to the extended function on [—1,1].

(d) Let u(z,t) be a solution to uy—0.25u,, = 0in 2 = {(z,1) : 2] < o0, > 0}.
If we follow an disturbance that initiates at = 2 at time ¢t = 0 along the
characteristics, what location(s) will this disturbance be at t = 67

(e) For the equation uy — 4uz, = 0in = {(z

t) : |z| < oo,t > 0}, what is
the region of influence of the point (z,t) 3,

(13,0)?

T

(f) For the general Cauchy heat equation problem w; = uy,, u(z,0) = e,
|z| < oo, t > 0, write out the solution in terms of the fundamental solution
of the heat equation.

(g) Give a qualitative property of a solution to the Cauchy problem for the
heat equation that the solution of the wave equation does not have.

(h) Consider the first-order problem (z + y)u, + 3yu, = u, u(z, —z) = sin(z),
x > 0. Write out the parameterized description of the initial curve I'
and then the characteristic system (three equations plus their initial con-
ditions) for solving the first-order Cauchy problem, but do not solve them.

1. (a) For the eigenvalue equation di(p(x) ?) +Ap =0, 0<x <], whatare the
% x

conditions on p(x) to make this a regular Sturm-Liouville equation?

(b) The solution to the 1D heat equation on the line
ou _D 0’u
ot ox?

| x|<oo, t>0, u(x,0)=smn(x),

is written in terms of a heat kernel S(x,t),i.e. u(x,t)= f S(x—y,t)sin(y)dy .
What is the specific heat kernel S(x,#)?

(c) For harmonic functions on €, that is, solutions to V’u =0 on Q, what is the
maximum principle?

(d) Given the vibrating string problem

ot axt’

|x|<oo, >0,

what 1s the domain of dependence for the point (x,¢) = (4,3)? (Hint: draw the

characteristics through (4,3).)



1. Short answer questions; do not calculate more than necessary

(a)

(b)

For the eigenvalue equation %{p(m)%} +Xp =0, 0 < z <5, what condi-
tions on p(z) make this a regular Sturm-Liouville eigenvalue equation?

Let f(z) = sin(z) on (—7/2,7/2). The Fourier series for f converges
for every z € [—m/2,7/2]. Sketch the graph of the function the series
% + 3,51 {an cos(2nz) + by sin(2nz)} represents on [0, 3m/2].

Consider the Cauchy problem zu, — z?u, + 3u = 0, u(z, z) = 3z3. Write
out the characteristic system (three equations plus their initial conditions)
for solving the first-order Cauchy problem, but do not try to solve them.

If uy — 4uz, = 0 is given on the quarter plane, i.e. for z > 0, ¢ > 0, with
u(0,t) = 0 for ¢ > 0. Assume a single jump discontinuity in the initial
displacement (i.e.; at time ¢ = () at location ¢ = 2. By following the
characterisfics, what location(s) will the singularity be at when ¢t = 57

If u(r,0) is a harmonic function on the unit disk 2 = {(r,0) : 0 < r <
1, 0<0 < 2r}, what is u(0,0), given the boundary values

n o< <
uw(1,0) = f(@) =< —2 ifn<6<3n/2
6 if3r/2<0<2m

For the wave equation uy; — uz, = 0 for (z,t) € R x R*, what is the
domain of dependence for the point (z,t) = (8,9)7

In the Cauchy heat problem u, = Dus, + F(z,t), |z| < c0o t > 0,
u(z,0) = 0, the solution can be written in the form u(z,t) = fot [2 S(a—
y,t—7)F(y, 7)dy dr, where S(z,t) is the fundamental solution of the heat
equation. What explicitly is S(z,t)?

State the maximum principle for harmonic functions, u, defined on domain
Q C R



Nt oy Joeos(z)  O0<z< /2

(a) Let f(=) = q _ cos(z) —n/2<z<0.
verges for every = € [—m/2,7/2]. Sketch the graph of the function the
series 92 + 5° 5 {an cos(2nz) + bn sin(2nz)} represents on [—, 7).

The Fourier series for f con-

(b) For the eigenvalue equation 4= 4 {p(x) ‘M'} +Xp=0,0 <z <10, what con-
ditions on p(x) make this a regular Sturm-Liouville eigenvalue equation?

(¢) If uy — tgy = 0 for x> 0, t > 0, with 4(0,t) = 0 for ¢ > 0, assume a
single point disturbance is 1n1t1ated at time t = 0 at location x = 1. By
following the characteristics, what location(s) will the disturbance be at
when ¢ = 27

(d) If u(r,0) is a harmonic function on the unit disk Q={(r0)  :0<r<
1, 0< 6 < 2}, what is u(0,0), given the boundary values

12 if0<0<m/4
u(l,0) = fO) = —4 ifr/a<bf<m
m Hr<0<2nm

(e) In the Cauchy heat problem u; = Dgs, le <oo t>0,u(z,0)= f(z),
the solution can be written in the form u(z,t) f S(z — y,t)f(y)dy,
where S(z,t) is the fundamental solution of the heat equation. What
explicitly is S(z,t)?

(f) State the maximum principle for harmonic functions, u, defined on domain

Q.

(g) Consider the Cauchy problem 3y5e —2x?,—Z+5u =0, u(z,z) = F(z). Write
out the characteristic system (three equations plus initial conditions) for
solving the first-order Cauchy problem, but do not go further and solve

the syptem.
L. OUUIL ANSWET projplem:

2

o'u 8 u
a) For the Cauch bl =
y problem o 8 ~— > | X[< 0,20, u(x,0) = f(x), (x 0)=g(x),

what is d’Alembert’s formula for the solution?

b) If f(x) =¢™
x)=e"" (g(x) =0) for the problem in a), the initial displacement is a single “bump”’.
Since this bump travels as a wave, where is the maximum of u(x,t) when t=10?

¢) In what part of the plane is the following operator elliptic?

o _.0 :
Lu= —(e ’ _uJ - 2x(x + l)ﬂ +e™ ¥ o
Ox Ox oy’ Ox

) 1t | o092 )+ 2000 = 0 i
o o @ =0,0na<x<b,is aregular Sturm-Liouville eigenvalue

equation, then what conditions are imposed on o(x)?
¢) If u(r,0) is a harmonic function on the unit disk Q = {(r,d)|0<r<1,0<8 <27}

90 -7/2<0<n/2
and has boundary values u(1,8) =425 wl2<@<nm what is 1(0,0) ?

7 T<60<37/2

f) For the function described in part ), what bounds are on u(r,8) for (r,0) in the unit disk

(Le.whatare 4, Bif 4 <u(r,0)<B)?
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Problem 1 (5pts) Verify that u(z,y) = In\/x2 + 42 satisfies the Laplace

equation
Uzy + Uyy =0

for all (z.y) # (0,0).

solution:

I. 2nd Order Classification (8 pts) Classify the following problem where appropriate by (1) Order, (2) Linear of Nonlinear,
(3) Homogeneous or Non-homogeneous, and (4) Elliptic, Hyperbolic, or Parabolic.

U~ (Tuz)e = flz,y), {(z,t): lz| < co,t > 0}

4. A modgl for a population with density u(z,t) in an advection-driven environ-
ment, like a stream, might be given by

W+ vuy = Dug, + 1y lz] <oco, t>0.
Let u(z,0) = constant = k > 0, |z| < co. Let u(az, t) = e*™ bty (z 1),
(a) R,ed.uce the u equation to a diffusion equation for w, ie. w, = Dy, by
finding the proper values for qa, b. o
(b) Write the correct initial condition for w.
(c) Write out the formula for w(z,t), but do not bother to integrate the

expression.

1. In the plane determine the type of equation (elliptic, hyperbolic, or parabolic). Briefly
explain your answer. If the equation changes type in the domain, explain where it is

which type.
2 2 2
(a) 23—6:));{ +12§L;:O in the plane
X 24 y
2 '}2 2
) 289,00 Ou & o e X,y>0

be
o’ o’ oxdy 9y’  ox

Problem 1 (5pts) Verify that u(z,y) - f(x)g(y) is a solution of the PDE
Ulhzy = Ugly

for all pairs of (differentiable) functions f and g of one variable.

i
2. What 1s the general solution of 3a_u + &'
oxay

(Hint: think of the equation as an ODE in du/dy)

=0 in terms of two general functions?

2. For what values of non-zero constants a and b is w(x,t) =e* ™" cos(x) a solution to

2
8W:8 w+2a_w 9
ot ox’ Ox




1. 1st Order Transport Equation Consider the following equation

1 2
o cluy = Tu(z?, 0) =¢ ™ ,|z] <o00,t >0, ¢ = constant

(a) (3 pts) Construct the characteristic equations including initial conditions

Problem 2 (20pts) Use characieristic coordinates to solve the initial value
problem ug + uy = —tu, x € R, t > 0; u(z,0) = f(z), z € R.
solution:

5. Heat Equation

(a) (3 pts) Write the heat source function, S(z,t), (i.e. heat kernel).

(b) (6 pts) Write the solution to the equati (
. uation uy = Dug, + e 16(z) o =
] Duhamel’s principle or not. You need not simplify_u fi S SSe = 0 el feseect You e

2. Find the sol

ution to the first-order Cauch 2
T e y problem 2u, g

—zTUy = TRy, u(O,y) -
R o - IO

3. Obtain the solution to the first-order Cauchy problem (z + 2)ug + 2yuy = 2u,
u(0.y) = y. for y € R

O 9,
3. Solve the Cauchy problem 2 M 4o y , u@y)=y
ox oy
5 [ ' Ou Ou ' '
. Solve the Cauchy problem — +2x— =0, u(0,y) =1+ y*
Ox oy

3. Consider the wave equation problem

Utt:gjuxx lz] < o0, t>0

T >0 1/4 >0
u(a:,O):zH(a:):{ 3 i<o ut(x,0)=0.25H(:c)={ 0/ Al

(a) Break the domain into regions using the appropriate characteristics (¢ =
1/8), and determine the solution in each of the regions.
(b) Sketch the graph of u(z,8).

Problem 2 (15pts) Find the general solution of us +2uy —u =t. (Hint: use
characteristic coordinates.)
solution:

2. 1st Order Transport Equation Consider the following equation

22
up + v(t)ug = —u,u(z,0) =e x| <oo,t >0

(a) (6 pts) Construct the characteristic equations including initial conditions

(b) (6 pts) Solve the system.

e ———

o _ ny = Duzs + e~(z=50)" on [z| < co,t > 0, u(x,0) = 0 for |z] < oo

uation (4 pts) Write the solution to the equatio

2. Obtain the solution to the first-order Cauchy problem 2zu, —2yu, = u, u(zx,1) =

ze:

- IS




3. Cauchy Probiem - vvave siquesus:

wyy — Cuzz =0, |z} < 00, t >0, u(z,0) = f(z), w(x,0) = g(z), x| <00

4+ G(z + ct) is a solution to the wave equation above

(a) (6 pts) Show that u(z,t) = F'(z - ct)
e given problem.

s smooth write d’Alembert’s solution for th

(b) (6 pts) Assuming the initial data i
) =(3,2),ifc=2.

(c) (2 pts) Define the Domain of Dependence for the point (z,t

0
5. Solve the Cauchy problem 35Li + 26_u = _1, with u(x,0) =sin(x), | x[<o .
X

oy

9. Write the solution to the following wave equation IVP.

Ou  Ou

u(z,0) = 54+ 4H(z—1) = { 2 izi , uy(z,0) = cos(z/2)

e domain broken up by the characteristics € £t = 1

(Look at the 3 regions of th
since ¢ = 1.)

Problem 4 (10pts) Lel ¢o be comstant. (a) Verify that uw = F(x — cpt) und
u = Gz +cot) are solutions of the wave equation with wave speed co Jor any

{wice-differentiable functions F and G, (b) sketch the region of influence and

the domain of dependence.
solution:

9. Cauchy Problem - Wave Equation (6 pts) Solve the following problem

uu—4um =0, ‘.’L" < 00, t>0

u(z,0) = sin(z), w(z,0) = cos(z)

plzane broken up by the characteristics x+¢=1.)
o’u d'u |
"at—z = ax—z | X |< 0, > 0

' . bu
u(x,0) = E(X’0)=3+4H(x—l)={7 x =zl
3

x <1

4. : : ;

(a) Write out d’ Alembert’s formula for the solution to the 1D wave equation problem
d’u 0%
o N 2 o
ot ox’
u(x,0)= f(x) |xl<»

du _
o (x,0) = g(x)

| x |< 0,2 >0

Then use the formula to write the soluti
. ution when ¢ = 1, f(x) = ex, x%), and =0
(b) Write the formula for the solution to the 1D heat equation progl(em) s

P 2
_u:Da u
ot axz
u(x,0)= f(x) |x|<oeo

Then use the formula to determine the solution when D =1, u(x,0)=1

| x |< o0,t>0



3. What is the solution to the 1D wave equation problem

d'u o%u
aﬂ: P | x|<o0,6>0
u(x,0)=0 | x |< o0

gbi(x,O) =xe ™ | x |< 00
ot

3. Write the solution to the following wave equation IVP

Pu 0%

ﬁ:%Q I’E\<OO t>0

u(:c,O):1+xH(rc—l):{1 es , u(x,0) =0

L 14+x z>1
(Look at the 3 regions of the domain broken up by the characteristics v ¢ = 1

since ¢ = 1.)

Problem 3 (20pts) Use Laplace transform to solve u, = uzz on xz,t > 0 with
u(0,t) = a, t > 0 and u(z,0) = b, where a and b are constunts.

solution:

|z| < o0,t >0, u(z,0) = f(z) for |z| < oo.

, but DO NOT solve or transform back.

or transform back.

6. Integral Transforms Transform the diffusion equation u; = Ugg ON

(a) (3 pts) Usjng Laplace transform, sel-up the equation in Laplace space

(b) (3 pts) Uging Fourier transform, set-up the equation in Fourier space, but DO NOT solve

3. Consider the problem
62 2
—: = 96—: x>0,t>0
ot ox
ov
vix,0) =4, —(x,0)=0
(x,0) at( )

v(0,1) =B , v(x,t) remains bounded as x — o , 4 and B are positive constants

a) Use the Laplace transform to convert the problem to an ODE problem
b) Solve the problem in part a)
c) Invert the problem using the Laplace transform table to obtain v(x,) .

7. Apply the Laplace transform U(x,s) = fe“"'u(x, )dt to the following problem to

obtain the formula for U (x,s). Do not invert.
d%u 3 o’u ou

|x|<o, >0, u(x0)=0, a—(X,O) = €0s X, u remains bounded as
!

o' axt’
| x | oo, for all # > 0. (Recall, for appropriate /', the Laplace transform of f{ I i
‘ J'H
n N n—‘c‘“{[/.
s"F(s)=) s" — 5 0)))

J=l

6. Integral Transforms Transform the wave equation uy = ugg on |z| < 00,¢ >0, u(z,0) = f(z) for |z| < oo, uy(z,0) = g(x)

for |z]| < 0.
(a) (3 pts) Using Laplace transform and initial conditions, set-up the equation in Laplace space, but DO NO'T' solve or

transform back. . ot ‘
(b) (3 pts) Using Fourier transform, set-up the equation and initial conditions in Fourier space, but DO N solve o1

transform back.



3. Consider the problem
g = Ui + A€ 5

= =0 t>0
) = ug (0, 1) = 2 . ull.t)
A u(c,0) = e u(z,0) =0 0<z< 1

) is the steady state solution.

0<a<l, t>0

(a) Let u(x,t) = U(z) + w(z, 1), where U(z
Determine U(x).

i . do not solve
(b) Given U(z), determine the problem w(z,t) is to solve. (But do n

for w.)
5. Consider the forced heat equation _
du _ Oy % 0<z<l,t>0
—5% - 6:51'j Te

u(O,t)-——O,uI(l,t)zl t>0
u(z,0)=z+1, 0<z <!

U(z) 1s
Let the solution be written in the form u(z,t) = U(x) + w(z,t), where (z)
the steady state solution. Determine U(z)-

4. Consider the heat equation problem

Uy = Upp +4u+1+sin(z) 0<z<1l,¢>0
uw(0,t) =0=u(1,t), t >0 u(z,0)=0,0<z<1

Determine the steady state solution u = U(x).

3. Consider the forced heat e 1
. A quation problem u, = u,, + 2°
with u,(0,) = ﬁ,u(l,t):o. | t onld<z<l1,t>0,

(a) Find the steady state solution U(z).

(b) If wglwrite u(z,t) = U(z) +w(z, t) for the solution of the n
Pf(t)m em, t_}(l?nlix;?ﬂr?rrlefhe I[’(DE and boundary conditions we find that w(z,t) =

n=1 Gn€ " cos[(n — 1/2)ma]. For large ¢ about where will the
b g out. where will the

Hovest 5] ong the rod with the heat distribution modeled by this

on-homogeneous

3. Consider the wave equation problem

i&!_ﬂ"'?t -7
a? = g2 +25e7" O<a<l.t>0

(‘j i

w0 =1, u(1,)=0 >

u(z.0) = e 2 2(2,0)=0 0< <1

(a) Let u(x,t) = U(z) + w(z,t), where U(z) is the steady state solution.
Determine U(z).

(b) Given Ul(z). what problem does (7 #) snlva? (Ma nat calia i)



3. Consider the heat equation problem (where ¢ > 015 2 constant)

ut:um—qursin(mc)nL %sin(?mx) D<zr<l,t>0
u(O,t’):Ozu(l,t),t>0 u(:L‘,O):O,0<:L‘<1

y state solution u = U(z). | |
1 the form u(z, t) = }:,}'_ L an(t) sin(nmz),
ted initial conditions for an(t),

(a) Determine the stead

(b) If, in the full problem, solution u is written1

ifferents ] nd associa
set up the differential equations an |
n=123,.... You need not have to solve the ODEs.

% B o’u 0
o N <x<lLit>0
2. Consider the problem <Z—u(0, t)=1u(l,t)=2 t>0
X
u(x,0) =2x 0<x<l

a) Let u(x,t) =U(x) + w(x,t), where U(x) is the steady state solution. Determine
Ux).
b) Given U(x), what problem does w(x,t) solve? (Do not solve it!)

2
a—u:-a—bzt O<x<um, t>0
or  ox
2. Given the problem u(x,0)=0 O<x<m
]a—“(o,z)=o, u(m,t) =1, t>0
ox

Transform the problem to a problem with homogeneous boundary conditions. (Do not

solve the problem.)

4. Consider the wave equation problem
%Z%-FZS(?—‘”/IO O<z<l,t>0
w(0,t) =10, 2(1,t) =0 ¢t >0
w(z,0) =0, Z(z,00=0 0<z<1

(a) Let u(z,t) = U(z) + :
D enniine U(:zc)( ) + w(z,t), where U(z) is the steady state solution.

(b) Given U(z), what problem does w(z, ) solve? (Do not solve it.)



3. Consider f(x) =7 —x on 0<x <. Sketch the graph of the function that the Fourer

sine series ZT b, sin(nx) for f(x) converges to (pointwise) on the real line. (You
only need to sketch the graph over, say, the interval — 27 < x < 27 .) Compute the
coefficients of this Fourier sine series. (Useful fact: cos(nz) = (-1)")

8. Fourier Series (4 pts) If f(z) = e™* for = € (0,1), extend the function (oddly or evenly) to [-1.1] so that the Fourier series
for the extension of f(z) converges uniformly in (—oo, o),

1. Let ~1<z<

[@=91-z 0<z<!
wise for every T <
[—3,3].

ents; compubin

' R. Sketch
[(x) converges pmut.
s (ONIVETEES to on
r coeffici |
49 - S0 1 (m cos(nme)

jer series for
i the Fourier Serie
determine Fourie

b, With f(:r.) <t &

(a) The Four
the grap!
(b) Tosee that you can
ficient will be enong,

g just one coef-
by sin(nm®));

9. The function f, which is to be continuous in (-1, 1), is given by

f(z) = mr+b for =1<z<0
/=Y 201 forO<z<1

(a) For what value(s) of m and b (if any) will the full Fourier series of f(x)
converge pointwise on [—1,1]7
(b) For what value(s) of m and b (if any) will the full Fourier series of f(z)

converge uniformly on [—1,1]?
(Draw yourself a picture and recall the hypotheses of the convergence the-

orems)

3. If f*(z) ~ % + > {an cos(nnz) + by sin(n7z)}, where

(@) = 2¢ for -1 <z <0
0 forO<z<1,

compute ag and b; (only).

2. Consider the function

f(x):{ me +b for -1 <z <0
2z -1 for0<z<1

(a) For what value(s) of m and b (if an i
y) will the full Fouri i
converge pointwise on (—1,1)? ) e tull Fourier series of f(z)
(b) For what value(s) of m and b (if '
' any) will the full Fouri i
converge uniformly on (~1, 1)? ) e tull Fourier series of f(z)

(draw yourself a pict .
orems)y picture and recall the hypotheses of the convergence the-

(c) If f*(z) ~ B + 3> {a,cos(nnz) + b, sin(nmz)}, where

‘ 0 for0<z<1,

compute ag and b, (only).
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8. Fourier Series (5 pts) Il [{n) =
). Explain why. Sketch this Fourier serics representation of f(z) for

of f(z) converges pomiwise bhut not uniformly in (—oo, 00
a large number of terms in the partial sum on (-3,3).

9. Consider the function

N € f01‘0§$<2/3
f(r)_{() for 2/3 <z <1

Consider the sine series for f(x) on [0, 1], that is f(z) ~ S by, sin(nmrz). Note
that the function is piecewise smooth on the interval [0, 1].

(a) Sketch a graph of the function that is defined on R that the series converges

to. Restrict your graph to [—1,3].

(b) Compute one Fourier coeflicient, say by.

I ) . .
4. a) Define f(x)=x— Exz on interval 0 < x < 1. If f{x) was expanded ina Fourier series of

2

g0+}b(p:0, 0<x<l,

eigenfunctions determined from the eigenvalue problem o
x

, but do not compute it.

p(0)=0= %’%(1), f(x)~ Z:;I a,@,(x), write the formula for a,

b) Sketch the graph of the function on the interval [0,3] that the Fourier series converges to

pointwise, considered defined on the real line.

. 1
4. Consider f(x)=2x+ Y on 0 < x < 7 . (a) Sketch the graph of the function that the

Fourier sine series ZT b, sin(nx) for f(x) converges to (pointwise) on the line. (You
only need to sketch the graph over, say, the interval - 27 < x < 27 .) (b) Compute the

coefficients of this Fourier sine series. (Useful fact: cos(nm) = (=1)").

Problem 6 (10pts) Define the norm and inner product on space L= [a,bl. If
f(z) € L*a,b] and {f,} is an orthogonal system of L* functions on e, B,
write f(x) in a form of a generalized Fourier series, and define the Fourier
coefficients. How would the series and the coefficients change if the system was
orthonormal?

solution:

2 2
4. Consider the problem 3 0 L; + 48—E =0 0<x,y<l, with
Ox oy’ .

(0, ) = u(x,0) =u(x,)) =0, u(l,y)=sin(27-y)
(a) Applying separation of variables, what is the eigenvalue problem, the resulting

eigenvalues, and associated eigenfunctions?
(b) Write the eigenfunction expansion for u(x, t), and then solve for the coefficients.
Then write out the final form of u(x,).
1. Find the eigenvalues (only) to the problem
d’e —

+Ap=0, O0<x<l

2
X

d
@(0) = p(1), d—f(l) =0 (Assume, a priori, that 120 )



2 I
LliXp=0 O<a<l

2(0)=0
It can be shown that the problem has no negative eigenvalues.

(a) Determine whether A = 0 is an eigenvalue or not.

(b) Determine the positive eigenvalues of the problem. (Be careful about what

values the particular trig function(s) take on; if need be, sketch for yourself
the graph of the appropriate trig function.)

(¢) Finally, give the associated eigenfunctions.

3. Given the problem

2 0
20 uz_a_ —l——a—uj on 0<x<l1, t>0,with u(O,t)zOz—u(l,t), t>0,
o2 ox\l+x ox ox

(1+x)

separate variables and write out the eigenvalue problem (equation and boundary

conditions). Do not solve for the eigenvalues or eigenfunctions.

Problem 7 (10pts) If c,, are Fourier coefficients of f and f, is an orthonormal

set, show that
N N
(chfn, f- chfn> =0,

n=1 n=1

solution:

Problem 8 (15pts) Use the separation of variables to solve

ug = kugz, xz€(0,0), >0,
uz(0,¢) =0, wy(l,t)=0, t>0,
u(z,0) = f(z), ze€(0,).

(Set up the Sturm-Liouville problem correctly!)

1. Consider the problem

Su _ 92
5% = ot O<z<m, t>0

u(0,t) =0=2(rt) ¢t>0

(a) Separate variables, and derive the EVP and the time-dependent equation.

(b) Solve for the eigenvalues and associated eigenfunctions. (

R ) All eigenvalues
are positive in this problem, so you need not check other ¢

ases.)

Problem 8 (15pts) Use the separation of variables to solve

U = Kkuzz, z€(0,0), t>0,
u(0,t) =0, wu(l,t)=0, ¢>0
u(z,0) = f(z), z € (0,1).

(Set up the Sturm-Liouwille problem correcily!)
solution:



a—“_gz—;‘ O<ax<2n, t>0
ot b

Bu(0,t) =0=3%%(2m,t) t>0
u(z,0) = 7 cos(10x) O<a<2m

When we separate variables and solve the eigenvalue problem, we find )\. =0
is an eigenvalue (with constant associated eigenfunction), and 'the other eigen-
values are positive and given by A, = n?/4, with the associated eigenfunc-
) . vel : /4, W o« :
tions being ¢n(x) = cos(%E). This means, with u(r.t) = T(t)d(z), tha
2
T(t) = Tp(t) = e ™ /4.

(a) Write out the series for u(x,t), then let ¢ = 0 to get the cosine series for

u(z,0). |
(b) Substitute in for u(z,0) the function above and solve for the Fourier cosine
coefficients.
2
6. Consider the problem 2 = 0¥ +12x%, O<x<l1,>0, %(O,z) =1 u(l,n=0.
or  ox’ Ox

a) Find the steady state solution uy(x).

b) Write u(x,1) = uy(x) + v(x,1) and find the pde and boundary conditions that v is to

satisfy, if u is the solution to the given problem.
c) If v has the eigenfunction expansion v(x,t) = Z a"e_”:"’ cos[(n—1/2)mx]., then for

large ¢ about where will be the hottest spot along a rod with the heat distribution

modeled by this problem?

2
%:%—Zu O<x<mt>0 ]
X

1. Consider the problem {u(0,1)=0= %(7[,[), t>0
X
u(x,0)=2sin(3x/2), O<x<nx

a) Separate variables, and derive the EVP and the time-dependent equation
b) Solve for the eigenvalues and associated eigenfunctions

¢) Solve the t-equation, use the superposition principle to obtain the representation for
u(x,t).

d) Complete the problem by determining the Fourier coefficients and giving the final
solution. '

4. Consider the wave equation problem
2 {ezuy = B fo-30u O<z<l1l,t>0
u(0,t) = 0 =u(1,¢) t>0
u(z,0) = f(z), 2(z,0)=g(z) O0<z<1

(a) Let u(z,t) = T(t)¢(z), separate variables and show that the eigenvalue

problem is £ — 3% 4 \p = 0, $(0) = 0 = ¢(1). /“
(b) Determine the eigenvalues and associated eigenfunctions for this problem.

(do not finish of the problem further!)




du _ 92
5 = B2 0<ax<nm, t>0

Qu0, 1) =0=u(mt) t>0

u(z,0) = cos(z/2)

(a) Separate variables, and derive the EVP and the time-dependent equation.

(b) Solve fc.>r. the eigenvalues and associated eigenfunctions. (All eigenvalues
are positive in this problem, so need not check other cases.)

(c) Solve the tjdependent equation, and use superposition principle to write
representation of u(z,t) in terms of an eigenfunction series.

(d) Complete the problem by determining the Fourier coeflicients, and give
the final solution.

2
l 4. Consider the wave equation problem e 8_1;1 = i(e"' QZJ , 0<x<l, t>0
Ot ox Ox

u(0,)=0=u(l,r), >0
ou
u(x,0) = f(x), E(x,O) =g(x), O0<x<l

a) Let u(x,t) = T(t)@(x), and separate variables to determine the equation for 7(f) and

the eigenvalue problem for ¢(x).

b) Determine the eigenvalues and associated eigenfunctions for this problem.

1. Consider the problem

%:4% 0<z<2r,t>0
%(o,t):ozg—;(zw,t) t>0

u(z,0) = cos(10z) , uy(2,0) =0 0 <z < 27

eigenvalue problem, we find A =01s

When we separate variables and solve the :
e other eigenval-

an eigenvalue (with constant associated eigenfunction), and (1 '
ues are Ay = n°/4, n =1,2,..., with associated eigenfunctions being hulx) =
cos(%E).

(a) Solve for the T'(t) = T, (t) and write out the resulting series for u(z, t).

d velocity functions to find the coefficients

(b) Use the initial displacement an !
Hint: rather than integrate, you

and write the final solution for u(z,t). (
can match coefficients to determine them.)

2. Consider the problem Z—u =107 7 O<x<m t>0
t 2

a—u(O,t) =0=u(n,t) t>0
Ox

u(x,0) = 2cos(5x/2)—cos(9x/2) x>0
a) If u(x,t)=T()¢(x), derive the equation for 7 and the eigenvalue problem for
@(x) (equation and boundary conditions)
b) Solve the eigenvalue problem to obtain the eigenvalues and associated

eigenfunctions.
¢) Use the initial data to determine the solution u(x, 1) .



2. Consider the problem

= 107 2u,, O<az<n, t>0
uz(0,t) = 0 = u(m, t) t>0
u{z,0) = 2cos(bx/2) —cos(9z/2) O<z <

(a) Ifu(z,t) = T(t)p(z), derive the equation for T'(t) and the eigenvalue prob-
lem for ¢(z) (equation plus boundary conditions)

(b) Solve the eigenvalue problem to obtain the eigenvalues and associated
eigenfunctions. Assume the fact that the only eigenvalues are positive
reals. (Be sure you know what the eigenfunctions look like graphed.)

(c) Then solve the T'(t) equation, and then use the superposition principle to
write the representation for u(z,t). Do not bother to compute the Fourier
coeflicients.

Problem 4 (10pts) Suppose u = u(z,y, z) satisfies the Neumann problem

Au=0, inf,
n-gradu =0, ondf.

Show that u must be constant on Q. (Hint: Green’s first identity is

/uAude/V'u,-VudV+/ uVu - 1dA.)
Q Q a0

solution:

4. Consider the wave equation problem

0, ,~5zxduy _ O f,—5z0u
a{e 5}—%{6 o O<z<l,t>0

u(0,t) = 0 = u(1,1) t>0
u(z,0) = f(z), Z(z,0)=g(z) 0<z<1

(a) Let u(z,t) = T(t)¢(z), separate variables and put the equation for the
eigenfunctions in Sturm-Liouville form. Then identify the weight function
o(z), which is needed for the orthogonality property of the eigenfunctions.

(b) Show the eigenvalue problem can be written as :f,]'; - 5% +Ap =0, ¢(0) =
0 = ¢(1), and determine the eigenvalues and associated eigenfunctions for
this problem. (Do not finish of the problem further!)



4. Purely radial heat flow in 3-space satisfies

= 28{2—} forr = /22 +y?+22>0,t>0.
T2 or

Write u(r,t) = tv(r,t) and show that v satisfies the ordinary heat equation in
terms of r and ¢. Then write out the general solution u(r, t) to the equation.

7. Laplace Equation (8 pts) Solve the following
VZu=0on {(z,y):0<z <7,0<y<nr},
uy(m) O) =0, uy(xi 71’) =0, ’U,(O, y) . f(‘y)a 'U.(7T, y) =0
Problem 6 (10pts) Let w be a scalar field and ¢ o vector field Verify the

vector identity
div (we) = ¢ - gradw + wdiv ¢. (1)

Integrate this equation over §} and take ¢ = grad u, where u s a scalar field, to
prove Green’s identity

/wAude—/g‘radu-gradde+/ wgradu - ndA.
Q 0 an

solulion:

2. Consider the heat equation problem in a square:
=V inQ={(z,y):0<z<m,0<y<7}

uz(0,y) = uy(z,0) = uy(z,7) =0 and wu(m,y)="6

u(z,y,0) = f(z,y)

Solve, via separation of variables method, only the steady-state problem, that
is, the Laplace’s equation problem.

3. Consider the Poisson problem
V?,u — _6—22_31}2 in )= {(x,y) \y > —1, |:I,‘| < OO}
u(z,—1) =0 |z| < o0

(a) Construct the Green’s function using the method of reflection.

(b) Write out the solution u(xz,y) in € in terms of the Green’s function, but
do not try to integrate the expression. (Be very careful with limits of
integration.)



3. Consider the Poisson problem
Vo= —e ¥ inQ={(z,y):y>-Llz| < oo}
uz,-1)=0 |z] <o0

(a) Construct the Green's function using the method of reflection.

(b) Write out the solution u(z,y) in { in terms of the Green’s function, but
do not try to integrate the expression. (Be very careful with limits of
integration.)

2. Consider the problem for Laplace's equation in a wedge:
2 .
Vu:%(rur)r+%gu90=0 an:{(r,9)50ST<1,O<9<%}

u(r,0) = 0 = u(r, 7 /4) 0<r<l

u(1,8) = 3sin(126) 0<0<n/4

| u remains bounded as 7 — 0.

(a) By separation of variables method, u(r,8) = R(r)©(), determine the
equations for R(r) and O(6).

(b) Dete'rmine the eigenvalues and associated eigenfunctions for the © equation
and its boundary conditions.

(c) Solve the R(r) equation.

(d) Use superposition principle to write the representation for solution u(r, 0).

(e) Determine the coefficients and write the final expression for w.

9. Consider the problem for Laplace’s equation in a wedge:

Viu =0 inQ={(0):0<r<1,0<8<n/2}
w(r,0) =0 = 2(r,m/2) 0<r<i
u(1,0) = sin(76) 0<0< /2

u remains bounded as r — 0.

2, 10 [ 0Ou] 10%
V“'_rar "or +r2892'

Remember that

(a) By separation of variables method, u(r, 8) = R(r)©(0), determine the
equations for R(r) and ©(6).

(b) Determine the eigenvalues and associated eigenfunctions for the © equation
and its boundary conditions.

(c) Solve the R(r) equation.
(d) Use superposition principle to write the representation for solution u(r, ).

(e) Determine the coefficients and write the final expression for .



2. Consider Laplace’s equation in a wedge:

Viu =) nQ={(rd):0<r<1,0<0<n/2}
Se(r0) = 0= u(r, 7/2) 0<r<i1
w1 f) = 2 cos(30) 0<0< /)2

w remains bounded as r — 0

(a) By separation of variables method, w(r,0) = R(r)©(#), determine the
equations for [2(r) and ©(8).

(b) Determine the eigenvalues and associated eigenfunctions for the © equation
and its boundary conditions.

(c) Solve the R(r) equation.

(d) Use superposition principle to write the representation for solution u(r, ).

(e) Determine the coefficients and write the final expression for u.

4. Consider the Poisson problem

Viu=-1 inQ={(z,y):y <1,|z| < o0}
u=0 on 00 = {(z,y) : y = 1, |z| < o0}

Construct the Green’s function using the method of reflection.

5. For Laplace’s equation in a wedge be: V’u =0 in Q = {(r, 0)|0<r<1,0<8<3x/4}

2—;(”,0):‘%(”,%)=0, 0<r<l, u,8)=f(0), 0<@<n/4 ,whereu remains

bounded as ¥ — 0, do the following:

a) By separation of variables method, u(r,&) = R(r)®(6), determine the equation for R(r) and
the eigenvalue problem for ®(8) .

b) Determine the eigenvalues and associated eigenfunctions from the ®(8) equation.

c) Then solve the R(#) equation.

d) Use superposition principle to write the representation for u(r, 0) .What is the solution

if £(8) =32



2. Consider the problem for Laplace’s equation in a wedge:

([ V2u =0 inQ={(r0):0<r<1,0<f<n}
u(r,O)zOzg—’;(r,ﬂ) 0<r<l

) u(1,0) = 6sin(36/2) 0<é<

| u remains bounded as r — 0.

Remember that
V2y = 12 Ta_u _1_@
ror | or r2 06%
(a) By separation of variables method, u(r,f) = R(r)©(0), determine the
equations for R(r) and ©(4).

(b) Determine the eigenvalues and associated eigenfunctions for the © equation
and its boundary conditions.

(c) Solve the R(r) equation.
(d) Use superposition principle to write the representation for solution u(r, 6).

(e) Determine the coefficients and write the final expression for u.

4. Consider the Poisson problem

Vi = —e® in Q={(z,y):y < —Llz| <oo}

u(z,~1)=0 |z|<o0

(a) Construct the Green’s function using the method of reflection.

(b) Write out the solution u(w,y) in € in terms of the Green’s function.



