April 25, 2023
Discussion of the Neumann Laplace Problem on the Half Space
MATH 404, Spring 2023

In your HW you were asked the following problem (it is 4(c)):
(Bell p. 5-6; DuZ pp.207-209) Consider Laplace’s equation on the half space

H={(z,y) €R? : y >0}
for the solution variable u(x,y) with Neumann data:

AU = Upy +Uyy =0  for (z,y) € H
uy(z,0) = g(x).

Solve the BVP by taking the Fourier transform in x and enforcing the condition that u(x,y) stays bounded

for all (x,y) € H. (Be careful about constants of integration.)

I will discuss the above problem, but first, I want to discuss a modified problem:

{um+uyy—u:0 for (z,y) € H 1)

uy(z,0) = g(x).

Solution: Let us take the Fourier transform of the equation and the data equality in x, which is to say,
apply %, to the entire problem in order to obtain the Cauchy problem (ODE):

—E0+ Gy, —a=0 for (&y) cH
iy (€,0) = g(§)-
where we recall that g, = (—i€)%4, using the rule for derivatives.

So, simplifying, we need to solve the ODE in y:
iy — (1+ €% =0,
Using our bountiful knowledge of ODE theory, we have a general solution of the form:

W€, y) = cre IVIE 4 peyVITE,

So we know that we will ultimately need to invert the Fourier transform, we hope our transform @ will be in
LE(R) for each y to ensure that we can invert. If we retain the term involving co (since it is unbounded in &),
we will have no shot at inversion. Thus we require (essentially as an auxiliary condition) that u(§,y) — 0
as & — oo. (This will be true if u € L? in z, or even if u € L! in x.) Thus we take ca = 0.

We now invoke the boundary condition to solve for ¢, recalling that u,(&,0) = g(£). So differentiate (of
course, noting that the solution is “frozen” in £ when we differentiation in y), to obtain:

g(&) = Uy (&,y) = —c1vV/ 14 2 exp(—yv/ 1+ £2).

. —9(§)
Set y = 0 to solve and obtain ¢y = ——=~—, and thus we have our transform (yay!);
V142 brat)
() = 2L exp(—yy/T+ ).

Vite



With a mind toward the convolution rule, let us rewrite this suggestively:

—exp(—yv1+&?)
viee

We need to invert, and we have a pointwise product in the Fourier (dual) space. Thus we know that the
solution will be convolution with the data:

a(&,y) = 9(&)

u(w,y) = 7] 7, [_exp(%y v

It is clear how to invert § (think “isomorphism”) so long as g € L%(R), but it is by no means a straightfor-
ward matter to invert the second function. We opt for a different approach; let us (well, you) first prove
that this function can be inverted under .%. After doing so, we will simply define a function (which we
will know exists) as the inverse transform.

Let us define a function j : R — R of a dummy variable z, and let y € Ry be “frozen”:

—exp(—yv1+2?)
V1422 '

You should be able to prove that j € L?(R); note, you won’t be able to explicitly integrate it (with a specific
known value), but you should be able to argue THAT 352 is integrable over R—this is not straightforward,
but try.

j(z) =

In any case, j € L?(R). And thus we can define a function

G(z,y) = 7!

[—eXp(—y 1+¢2) (2).

Ve

We didn’t just choose G as the name for no reason; this G is in fact the Green’s function for this problem.

To solve the BVP given in (1), simply take your data g € L?(R) and convolve it in = with the Green’s
function! Thus

u(z,y) = g(x,y) %« G(z,y).
If you chose to do this problem, then at this stage we are done; we have a solution formula which can be
justified using the tools from class. QED.

Now, let us return to the original problem:

Ugg + Uyy =0 for (z,y) e H
uy(z,0) = g(x).

Solution: If we repeat all of the same steps, as above, we end up with an interesting expression for 4(&, y):

A _ 98 el = —exp(—ylél)
iter) = 2 exp(fe) g<§>[ A ]

(You should show this, if you try to solve this version of the problem on the HW.)

Attempting to invert (and again invoke the convolution/product rule for %), we run into a key problem:

exp(—yl¢])

The function — €] ¢ L?*(R)—you can check. The singularity at £ = 0 is non-integrable!



_evlél

€l

function, by the way). Writing out the Fourier inversion formula (which may or may not be valid here),

-
R(z, / ey ¢ e

Unfortunately, this integral cannot be classmally evaluated, because the singularity at € = 0 is non-
integrable (classically).

Therefore, we are not guaranteed that this function p(§,y) = can be inverted (this is a famous

we see:

We need a new approach. Let us “think” of our transform 4(&,y) in a different way:

~1
lél

Using induction, we can note that just like for a pointwise product of two functions in the dual domain,

a(&,y) = g(€) - e vl

we can prove a rule for three functions:
F(f*gx () = J©OIOME; (f*gxh)(x) = F ' [fghl ().

With a little work (actually, a lot of work involving distributions), we can invoke all of the constituent
transforms of 4(&,y):

96_1[§] () = g(x) definition of Fourier inversion

1
3‘}_1[6_“5‘](33) =Y 5 from Bell’s notes, similar calculation to Fle 7]

Tal+y

1
“1[—1/[€])(x) = const. + —In|z| from below
T

The last Fourier transform involves a trick: We can show (using distributions) that

™

F[In|z[](§) = —2mced(8) — Gk

where ¢, is a special constant. It is easy to observe that 9’{1[5 O)(x) = o From which we deduce:
™

-1/lél)(e) = <+~ Inlal

From this mess, we can infer that the solution has the form:
1 vy 1 Ce
w(z,y) = g(x) %y | —————— %, [ = Inl|z| — =
) =9 [T (el - )]
In this sense, the Green’s function G(zx,y) is given through this complicated convolution:

1

Yy
G(l"y) = ﬁxg +y2

g 10 |z,

where we have disregarded the effect of convolving with the constant.

What? This thing keeps going? Yes! There is something cool left to say, but it uses dark magic!
In Bell (as well as in DuZ), the Dirichlet Laplace problem is considered:

{um +uyy =0 for (z,y) € H
u(z,0) = f(z).



Solving this problem is much easier (hence you have to do it in a previous part), and the steps/solution is

readily available. The solution is given by the Green’s function: G(z,y) = — 3 i{ 5- The solution to the
Tty
Dirichlet problem is thus:
y [ @) .
ua) = f@) = Gla) = 2 [~ L —aa,

where Z is the auxiliary variable associated to the convolution in z.

How is this related to our Neumann problem? Answer: SORCERY! (This is how the problem is solved in
DuZ.) Let us reconsider the Neumann problem:

Ugg + Uyy =0 for (z,y) e H
uy(z,0) = g(z).
But, let’s go ahead and differentiate (just) the PDE in y (and not the BC), and use a new variable w = u,,.

You can verify that by commuting the order of paritals, considering the boundary condition, we obtain a
new problem:

Wee +Wyy =0  for (z,y) € H
w(z,0) = g(x).

Welp, this w solves a DIRICHLET problem on the half space, and thus has the solution as above:

w(z,y) = g(z) *, G(z,y) = J /OO %di.

T J—co (LL’ - :E) + )
But, w = uy, so we have, in actuality:
y [ 9(@) .
Uy (2, = — — d.I,
y( y) 77/;00 (IL‘—$)2—|—y2

and this can be integrated in y! Let’s do it:
y [~ 9(Z)
= 5 dT | dy
wen= 2 /N-@ z :
= — dad
/ / )2+y my
o [/w :
(x — )% +y?

:/ nf(z — &) + y*di + C;

where the last integration was a simple substitution in y.

A couple of comments are in order. First, the constant C' depends on g above because we have to be able
to integrate ¢ on R; in other words § needs to be in L'(R), and this is a condition we check. Moreover,
this constant was actually a constant with respect to integration in y, and thus Cy = C(z). But if we plug
this solution back into the equation, we will see that C,, = 0 which implies that C' is linear; in order for
it to be bounded (as a function), we must have that C' = const. = Cy, as we wrote.

1
We also note that the Green’s function here is clear: G(x,y) = o In[x? + y?] + const. Thus we have an
7r

expression for the solution of the form:

w(@,y) = g(x) *: G(z,y).



Now, we have not show it, but if we assume uniqueness of the solution (as we typically obtain, and as
does hold here, at least in some functional setting) we have two expressions for the solution of the form:
u(z,y) = g *; G(x,y), where G(z,y) is represented in two different ways. Thus, in a roundabout way, we
seem to have proven (via uniqueness) that

1 1
G(z,y) = —ln[x2+y2]+01.: *g In || + Oy,

27 72 x2 + 92

where C; and (s indicate that these formulas may differ by a constant. This relation would certainly be
worth checking.

Okay, let’s just do it! I mean, this thing is already a scroll of unabridged dictionary proportions. Let’s

compute the convolution in z % In |z

72 22 + 2

1y o In 2] y/ In |Z| -
————xIn|z|= 5 [ ——5——=di
22y o 2 Jo (@ —2)2 1 42

= [27; In(z? + yz)]

3

Ll

= —In(a? +?)
2

OMG. They are the same. I can’t believe it!

By the way, to evaluate the integral above, one must use contour methods and the famous keyhole contour.
It is a highly nontrivial integral—see MATH 410.

See? This thing has an end.



